Transverse stability of the drive beam is critical to plasma wakefield accelerators. A long, relativistic particle beam propagating in an overdense plasma is subject to beam envelope modulation and centroid displacement (hosing) instabilities. Coupled equations for the beam centroid and envelope are derived and solved. It is shown that the hosing growth rate is comparable to selfmodulation, and coupling of the self-modulation enhances beam hosing and induces harmonic content. Large amounts of hosing can significantly alter the structure of the plasma wakefields.
I. INTRODUCTION
Plasma-based accelerators [1] are considered a candidate technology for the next generation colliders to expand the energy frontier of high energy physics experiments [2] . Plasmabased acceleration is realized by using an intense laser [1] or charged-particle beam [3] [4] [5] to excite large amplitude electron plasma waves with relativistic phase velocity. The electric field amplitude of the plasma wave (space-charge oscillation) can be several orders of magnitude greater than conventional accelerators, on the order of E 0 = cm e ω p /e, or
96 n 0 [cm −3 ] , where ω p = (4πn 0 e 2 /m e ) 1/2 is the plasma frequency, n 0 is the ambient electron number density, m e and e are the electron rest mass and charge, respectively, and c is the speed of light in vacuum.
It has been proposed to use a highly relativistic proton beam, such as those available at CERN (European Organization for Nuclear Research), to drive a plasma accelerator [6, 7] , effectively using the plasma to transfer energy from the proton beam to a lepton beam.
Efficient plasma wave excitation requires beam drivers with spatial structure on the scale of the plasma skin depth, and compact, high-gradient plasma accelerators (i.e., high plasma density) require short drive beams. Generating short proton beams (or proton beams with spatial structure at the plasma frequency) is challenging, for interesting plasma densities, and it has been proposed to rely on a beam-plasma instability to modulate the beam at the plasma wavelength λ p = 2πc/ω p , driving a large amplitude wave [8] [9] [10] . The growth and phase velocity of the self-modulation instability has been studied in Refs. [11, 12] . Tapered plasmas may be considered to control the phase velocity of the self-modulated beam-driven plasma wave, although sufficiently large background density variations will suppress the instability [13] . Proof-of-principle experiments to study the physics of beam self-modulation using lepton beams have also been proposed [14] .
Transverse stability of the drive particle beam is a major concern for the development of the beam-driven plasma wakefield accelerator (PWFA), and particularly for drive beams longer than the plasma skin depth (such as in the proposed self-modulated proton-driven PWFA). In this work we examine the hosing instability of a long drive beam undergoing self-modulation in an overdense plasma. Beam hosing, a type of transverse two-stream instability, is the result of the feedback between a head-to-tail centroid displacement with respect to the propagation direction and the excited plasma wakefield that leads to growth 2 in the beam centroid displacement. Previous work on beam hosing in plasma has focused on the underdense regime where the beam density is large compared to the plasma density n b n 0 (where n b is the beam density), and both the long-beam (adiabatic, ion-channel) regime (k p L b 1) [15] and the nonlinear short-bunch (k p L b < 1) blow-out regime [16] has been examined. Future proton-driven PWFA experiments will be in the overdense regime where n b n 0 . Whittum [17] considered the transverse two-stream instability in the overdense regime assuming a rigid beam model. Here we derive and solve the coupled beam envelope and centroid equations self-consistently driven by the beam-excited plasma wave in the overdense regime. It was suggested in Ref. [8] that the self-modulation instability grows much faster than the hosing instability and that the self-modulation may alleviate the effects of hosing. In this work we calculate the hosing growth rate including return current effects (where the beam radius is of order the plasma skin depth k −1 p ). The growth rate for beam hosing in the long-beam, strongly-coupled overdense regime is comparable to that of the self-modulation instability. It is also shown that the coupling of the beam envelope modulations enhances the growth of the beam centroid displacements. A similar coupling between laser hosing and self-modulation can also occur for long laser pulses propagating in underdense plasma [18] .
II. BEAM CENTROID EVOLUTION
The wakefield generated by a relativistic charged particle beam moving through an overdense, initially neutral, plasma can be calculated using the quasi-static, cold plasma fluid and Maxwell equations assuming n b < n 0 . The evolution of the normalized wake potential
2 (with Φ the electrostatic and A z the axial vector potentials) of the quasi-static beam-driven plasma wave is given by
where q is the charge of the beam particle with beam density n b , and ζ = k p (z − β b t) is the normalized co-moving variable with k p = ω p /c and v b = cβ b is the drive beam velocity. We have assumed a highly-relativistic drive beam such that γ = (1 − β
1 and that the background plasma ions are immobile on the time scales of interest [19] . In the following all length scales are normalized to the plasma skin depth k
p . The force on a relativistic beam 3 from the plasma wave is given by the wake potential F /(eE 0 ) = −(q/e)∇ψ.
Consider a general (axisymmetric) transverse beam density distribution with a small centroid offset in the x-direction:
where n b0 = n b (x, y, x c = 0) = n b (r). Note that the charge per unit length in a beam slice is conserved with the centroid displacement. Given the general beam distribution n b = mn m cos(mθ), the wake potential may be written as ψ = −(q/e) mψ m cos(mθ) satisfying
with the Green function solution
where r < (r > ) is the smaller (larger) of r and r . The force provided by the beam-excited plasma wave along the centroid displacement is
The evolution equation for the centroid x c = x of any beam slice (ζ) is
where M b is the mass of the beam particle and the brackets indicate an average over the transverse distribution. Averaging the transverse force over the beam distribution Eq. (2) yields the equation for the centroid evolution
for any general axisymmetric beam distribution n b0 . Note that, to order O(x c / x 2 1/2 ) a cylindrically-symmetric distribution will remain cylindrically-symmetric (x − x c ) 2 (z) = y 2 (z). Assuming a flat-top transverse distribution with a centroid perturbation, i.e., n b =
, Eq. (6) may be evaluated to yield the centroid x c (ζ, z) evolution equation at any beam slice (ζ) in the long beam (i.e., neglecting initial longitudinal beam density variations) adiabatic regime:
2 is the beam wavenumber and r b (ζ, z) is the beam radius. Equation (7) indicates that a beam tilt or nonuniform head-to-tail displacement with respect to the beam propagation direction x c (ζ) = x c (ζ ) is required for the hose instability. This is similar to the centroid equation describing laser hosing for which a head-to-tail centroid non-uniformity is also required for instability [18] . One consequence is that axis-symmetric beams should be stable to hosing, and observation of hosing in particle-in-cell codes that load axis-symmetric beams is unphysical and the result of numerical noise in the algorithm and from the finite number of macro-particles.
If the beam envelope is non-evolving r b = r 0 = constant, i.e., a rigid beam approximation valid for a long beam without a seed for the self-modulation instability, Eq. (7) can be linearized to yield
where
In the narrow beam limit r 0 1,
The factor µ(r 0 ) describes the plasma return current; for r 0 ∼ 1, the plasma return current partially flows through the bulk of the beam neutralizing the current, reducing the focusing [20] and instability coupling. In the long-beam, early-time regime such that |ζ| k β z (i.e., |∂ zxc | k β and |∂ ζxc | 1), Eq. (8) yields
wherex c is a slowly-varying envelope of the centroid displacement: x c = (x c /2) exp(iζ)+c.c.. 
where the number of e-folds of the hose instability is
Note that a similar growth rate was derived in Ref. [17] for a rigid beam with a Bennett profile. In general, the instability will be weakly dependent on the initial transverse beam distribution, and the growth rate Eq. (11) (calculated assuming a flat-top distribution) will for r 0 1.
Comparing the hosing growth rate to the self-modulation instability growth rate [11] ,
. In contrast to the predictions of Ref. [8] , the growth of the beam hosing instability is comparable to that of the beam self-modulation. Figure 1 shows the centroid displacement given by the numerical solution of Eq. (7) versus distance behind the head of the beam (head of beam at ζ = 0) after propagatinĝ k β z = 0.81 (blue curve) andk β z = 1.1 (red curve). Also shown in Fig. 1 
where is the geometric emittance. Assuming a flat-top transverse beam distribution, in the long beam regime, Eq. (12) yields [11] 
The beam radius evolution r b (ζ, z) via Eq. (13) couples to the centroid evolution Eq. (7).
Note that, in this small displacement, dipole approximation the beam radius evolution is independent of the centroid perturbation. This is similar to the case of laser hosing for which the radius equation is independent of the laser centroid for small centroid displacements [18] .
The laser centroid depends on the laser radius, but in a much different form than for the particle beam case.
The initial seed for the radial modulation and centroid displacement can be due to 
Here the bar indicates the ensemble average over the random distributions of beam particles (7) without (black curves) and with (red curves) seeding the self-modulation atk β z = 1.14. The above analysis assumed a small beam displacement x c < r b . To understand the phenomenology of the coupling of the centroid to the beam envelope modulation, we considered the coupled envelope and centroid evolution equations in 2D-cartesian (x, z) geometry (i.e., a flat beam), valid for arbitrarily large centroid displacements. The solution for the wake potential in 2D-cartesian geometry is
where x < (x > ) is the smaller (larger) of x and x . For a flat-top beam transverse distribution
, the evolution of the beam envelope and centroid are, in the long beam regime,
and
respectively, where x is the rms slice geometric emittance. In the limit of a small beam centroid displacement x c < x e ∼ 1, the beam centroid couples to the envelope evolution to order O(x c /x e ) 2 . Hence we expect 2 nd harmonic generation in the envelope modulation owing to the coupling to the centroid displacement. Figure 3 shows the numerical solution to the coupled beam envelope and centroid Eqs. (16) and (15) As illustrated in Fig. 3 , when the centroid displacement grows large x c ∼ x e ∼ 1, the envelope perturbation develops modulation at λ p /2.
For large beam centroid displacements on the order of the plasma skin-depth, x c ∼ 1, the structure of the beam-driven wakefields is strongly modified, which will have deleterious Figure 4(b) shows that the hosing instability will generate an on-axis deflecting force that will scatter a trailing witness bunch.
IV. CONCLUSIONS
In this work we have derived the coupled beam envelope (self-modulation) and centroid Transverse beam stability is critical to PWFAs, and these results indicate the necessity for strongly seeding the self-modulation instability without seeding beam hosing for future self-modulated PWFA experiments.
